
International Journal of Engineering, Science and Mathematics 
Vol. 6 Issue 8, Decemer 2017,  

ISSN: 2320-0294 Impact Factor: 6.238 

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com          
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & 

Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A 

  

71 International Journal of Engineering, Science and Mathematics 

http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

ON ABSOLUTE WEIGHTED MEAN SUMMABILITY FACTOR OF AN INFINITE 

SERIES AND ITS APPLICATIONS 

 
 

  

SANJAY TRIPATHI 
 

  Abstract  
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1. Introduction  
 

A positive sequence  nb  is said to be almost increasing sequence if there exists a positive increasing 

sequence  nc  and two positive constants A and B such that nBcnbnAc  .  Every increasing 

sequence is almost increasing sequence but the converse need not be true as can be seen from the example, 

say 

n

ennb









1

 (see[5]). A positive sequence  n  is said to be a quasi  power increasing sequence 

if there is a constant   1,  KK  such that 
m

m
n

Kn 





  holds for all  1 mn . It should 

be noted that every almost increasing sequence is  quasi  power increasing sequence for any 0 , but 

the converse need not be true as can be seen by  example 





 nn  for 0  . If 0 , then  n  

is simply called a quasi increasing sequence. 
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Let 


0n
na be a given infinite series with  ns  as the sequence of its partial sums. Let  np  be a sequence 

of positive real numbers such that 





n

v
vpnP

0
,  as n    1,0  iipiP . 

The sequence – to – sequence transformation 

                                    



n

v
vsvp

nP
nt

0

1
                                                                        

defines  the sequence  nt  of   npN ,  transform of   ns  generated by  np  . The series 


0n
na  is said 

to be summable 
knpN  ;,  , 1k  , 0 and 1 kkT  , if (see [6] ) 

                                      


 


1 1n

k

n
tnt

T
n

 , 

where   n  be any sequence of positive real constants.  

 

  

Remarks :    In particular case, we observed that 

1. For 0 , the summability 
knpN  ;,  reduces to 

k
nnpN ,, summability due to  

W.T.Sulaiman [10] 

2. For 0  and 
np

nP
n  , the summability 

knpN  ;,  reduces to 
knpN ,  summability due 

to H.Bor [1] 

3. For 
np

nP
n  , the summability 

knpN  ;,  reduces to 
knpN ;,  summability due to H.Bor 

[1]. 

4. If  we put 0  and nn  , for all values of n , then  
knpN  ;,  summability reduces to 

knpR, summability due to W.T.Sulaiman [9] 

 

5. If  nn  , for all values of n , the  summability 
knpN  ;,  reduces to knpR ;, , 

summability due to W.T.Sulaiman [9] 

6. If we take 
n

n
n

p

P
  and 1np  for all values of n , then 

knpN  ;,  reduces to kC ;1,  

summability which on putting 0  which becomes 
k

C 1, due to T.M.Flett [8]. 
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2. Main Result 

The aim of this paper is to prove a  result by considering 
knpN  ;,  summability. In fact, we shall prove 

the following result 

 

Theorem 1: Let  np  be a sequence of positive numbers such that 

                    nn npP    as n   .                                                                                                                (2.1) 

If  nX  be quasi    - power increasing   sequence for some 10    and the sequences  n  and 

 n are such that  

                  nn                                                                                                                                                   (2.2) 

                  nasn 0                                                                                                                            (2.3) 

                 





1n
nnnX                                                                                                                                  (2.4) 

                1nXn  as  n ,                                                                                                                   (2.5)  

                   












masmX

k
ns

m

n

k

nP

npT
n1
                                                                  (2.6)                                                                                                                                                        

and            

               














































vP

k

vp

vP

n
Pvn

kT

np

nP 1

1

1

1



 .                                                                             (2.7)                                

where  n  be a sequence of positive real constants such that 










n

nn

P

p
 is non-increasing sequence , 

then the series 


0n

nna   is   summable  
knpN  ;,  , 1k   and 

k

1
0   . 

 

3. Lemma: 

 

We need the following lemma for the proof our result. 

 

Lemma 1 [11, lemma 2.2] : Let  nX  quasi     - power  increasing  sequence, 10   and  0

, then the  condition (2.3) and (2.4) implies 

                            nXnn                                                                                                                                   (3.1) 

and                    


1n

nn X                                                                                                                                (3.2) 
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4. Proof of the Theorem 1: 

Let  nt  be the sequence of   npN ,  means of the series 


0n

nna  , then, by definition, we have 

          nt  = 


n

v

vv
n

sp
P

0

1
 =   

 

n

v

v

i

iiv
n

ap
P

0 0

1
 =  




n

v

vvvn
n

aPP
P

0

1
1

                                               

 

Then, for 1n  and by using simple calculation, we get 

          1 nn tt   =  





n

v

vvv
nn

n aP
PP

p

1

1
1

                                                                                                       (4.1) 

Using   Able's  transformation to the right hand side of (4.1), we get  

 

          1 nn tt   =   
n

nnn

P

sp 
 -  





1

11

n

v

vvv
nn

n sp
PP

p
       +   vvv

n

vnn

n sP
PP

p






1

11

         

                          

                                =   3,2,1, nnn ttt   ,  say .        

Since 

             
kk

nnn ttt 33,2,1,   









k
n

k
n

k
n ttt 3,2,1,  . 

Thus, in order to complete the proof of the Theorem 1, it is sufficient  to show that 

                                    





1
,

n

k
znt

T
n
   , for .3,2,1z  

We have,  

                                




m

n

k

n
tT

n1 1,
  

=  


m

n

k

nP

nnsnpT
n1


  

    n
m

n

k
n

k
ns

k

nP

npT
n

















1

1
1  

  n
m

n

k
ns

k

nP

npT
n
















1
1  ,        by (2.5) 

   
k

ns

k

nP

npT
n

m

n
m

m

n

k
vs

k

vP

vpT
v

n

v
n 






























 
1

1
1

1 1
1  
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    mmn

m

n

n XX  11
1

1

 




,       by (2.6) 

    mmn

m

n

n XX  11
1

1

 




,          by (2.2) 

=   1     as m   ,  by  ((3.2)  and (2.5)). 

 

 

Again, 

 






1

2 2,

m

n

k

n
tT

n
  

=  








1

2

1

11

m

n

k
n

v
vvsvp

n
PnP

npT
n

  

=    


 


























1

2

1

11

1
m

n

k
n

v
vvsvp

k

n
PnP

npT
n

  

 

1
1

11

11

2

1

11

1
1























 



































k
n

v
vp

n
P

m

n

n

v
v

k
vsvp

n
P

kT

np

nP
T

nP

npn 


 

  


 



























1

1 1

1

1
1

m

vn n
P

kT

np

nP
T

nP

npnm

v
v

k
vsvp


  

  


 




























1

1 1

1

1
1

m

vn n
P

kT

np

nPm

v
v

k
vsvp

T

vP

vpv 


 

  


























m

v
v

k
vs

kT

vp

vP
T

vP

vpT
v1

1  ,   by (2.7)   

    














m

v
v

k
vs

k

vP

vpT
v1

1   

   mas1  , Proceeding as in case 1,nt   

 

Finally we have, 

 






1

2 3,

m

n

k

n
tT

n
  

=  











1

2

1

11

m

n

k
n

v
vvsvP

n
PnP

npT
n

  
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=    


 





























1

2

1

11

1
m

n

k
n

v
vvsv

v
p

k

n
PnP

npT
n

   

   
1

1

11

11

2

1

11

1
1























 



































k
n

v
p

n
P

m

n

n

v

k
v

v
k

vs
v

p

n
P

kT

np

nP
T

nP

npn
v


 

   


 



































1

2

1

11

1
1

m

n

n

v

k
v

v
k

vs
v

p

n
P

kT

np

nP
T

nP

npn 


 

    


 



























1

1 1

1

1
1

m

vn n
P

kT

np

nP
T

nP

npnm

v v
v

k
vs

v
p


  

   














m

v v
v

k
vs

k

vP

vpT
v1

1     by (2.7) 

     
k
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k

iP

ipT
i

m

im
m

m

v

k

is

k

iP

ipT
i

v

iv
v




















 















 
1

1
1

1 1
1  

        mXmm
m

v

m

v
vvXvXvv  1

1

1

1

1
111 








 ,  

      mXmm
m

v

m

v
vXvvXvv  1

1

1

1

1
111 








  

   mas1 ,  by  (2.4) , (3.2) and (3.1). 

 

Thus we   have shown that 

                 





1
,

n

k
znt

T
n

   , for .3,2,1z                  

 

which completes the proof of the Theorem 1. 

 

5. Applications: 

 

If we consider the special cases of our Theorem 1, then following results are the consequences of our 

Theorem 1, which we have put in the form of corollaries as follows:  

 

Corollary 1 : It must be noted that, every almost increasing  sequence is  quasi    - power increasing 

sequence for 0 .Thus, Theorem 1 generalizes our result [7]. 

Corollary 2: If 0  and 
np

nP
n  , then our results ( Theorem 1 ) reduces for 

knpN , summability 

,which extend the result of [2]. 

 

Corollary 3: If 0 , then our results (Theorem 1)  reduces for 
k

nnpN ,,  summability. 
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Corollary 4 : If  
np

nP
n  , then our results (Theorem 1 ) reduces for 

knpN ;,  summability ,which 

extend the result of[3]. 

Corollary 5 : If 0  and nn   for all values of n , then our results (Theorem 1 ) reduces for knpR,

summability. 

Corollary 6 : If  nn   for all values of n , then our results (Theorem 1 ) reduces for knpR ;,

summability. 

Corollary 7 : If  
np

nP
n   and  1np  for all values of n , then our results (Theorem 1 ) reduces for 

kC ;1, summability. 

Corollary 8 : If  
np

nP
n   and 0  and 1np  for all values of n , then our results (Theorem 1 ) reduces 

for kC 1, summability (see[4]). 
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